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Abstract—The time-domain (TD) effective height is a space-time
vector operator recently introduced to describe the performance
of ultrawide-band antennas. Since generally obtained by measurements or intensive numerical modeling, it is represented through a
large set of data not very suitable to the evaluation of the whole TD
link. For the particular class of aperture-radiating antennas of separable shapes, such as slot, open-ended waveguides and horns, this
paper proposes a systematic TD processing of the aperture field,
involving model-based deconvolution and parameter estimation, at
the purpose of an efficient calculation and a more manageable representation of the effective height. Following the idea at the base
of modal near to far field transformation, as previously presented
by the authors, the processing of the aperture impulse response
is here addressed with a particular care to the fast varying early
transient. The corresponding time-dependent Radon transforms
are then approximated by semi-analytical formulas whose accuracy is discussed as for the aperture size and frequency limits. The
proposed methods, which are much faster than the conventional
approach, are demonstrated by some examples.
Index Terms—Effective height, finite-difference time-domain
(FDTD), radon transform, time domain analysis, ultrawide-band
antennas, singularity expansion method (SEM).

I. INTRODUCTION

I

N THE DESIGN of new ultrawide-band (UWB) applications [1] the antenna features are frequently described via the
time-domain (TD) effective height [2]–[7] which plays the role
of impulse response operator linking the transient radiated field
to the real antenna input waveform by a convolution integral.
According to the theory in [5], TD effective height is defined in
terms of the Radon transform of the (electric or magnetic) antenna current impulse response. Except for a few cases, mainly
concerning large antennas, [8], [9], analytical modeling is not
easily achievable due to the antenna geometrical and electrical
complexity. Therefore local numerical tools, and first of all the
finite-difference time-domain (FDTD) method [10], are commonly used to calculate and store the TD surface current and
finally, the Radon transform is evaluated numerically. Calculation and application of TD effective height is therefore a tedious
and time-consuming process and produces a large four-dimensional data set. This fully numeric representation is not very suitable to be embedded within a ray tracing tool for the evaluation
of the whole system performances. Instead, a TD analytical or
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semi-analytical model would simplify the antenna plus channel
characterization over a wide band.
At the purpose of simplifying the far-field ultrawideband description of antennas in both frequency [11] and time domain
[12], the authors have recently proposed a numerical procedure,
denoted as Modal-N2F, which is applicable to aperture-like radiators, such as slots, open-ended waveguides and ridged horns
of separable shape. The method combines FDTD, data-fitting
models and signal processing and originates a far field representation in semi-analytical formulas which are however dependent on the antenna input signal. A blind application of this
method to the approximate calculation of aperture antenna effective height, although applicable, nevertheless requires a deconvolution of the transient far field and the semi-analytical representation is therefore lost. To overcome such a limitation, this
paper presents a more systematic approach which is based on
the calculation, and then on the process, of the aperture impulse
response and still preserves the semi-analytical feature of the effective height representation. Early transient modeling of aperture impulsive field deserves particular care since this changes
rapidly and spreads all over the antenna response through the
convolution process and therefore cannot be neglected as in
[12]. Two alternative representations of the aperture impulse responses are discussed. They involve, respectively, simpler mathematical processing and a smaller number of data to be stored.
The corresponding Radon transforms for the effective height are
hence derived and the pertinent early-time approximations, to
obtain simplified formulas with separated time and angular variables, are discussed for the case of canonical apertures respect
to the antenna size and the highest frequency of interest.
The paper is organized as follows: Section II introduces
the time domain formalism for the aperture-antenna effective
height; the efficient representation of impulsive TD aperture
field is discussed in Section III. Formulas for numerical evaluation of TD effective height are given in Section IV and the
numerical complexity is discussed in Section V. Numerical calibration and some examples are finally presented in Section VI.
II. TD APERTURE EFFECTIVE HEIGHT
laying on the plane
An antenna with a radiating aperture
( is the normal unitary vector on ) is driven through
a transmission line (Fig. 1) by a real voltage generator of in, which excites the input waveform
.
ternal resistance
According to the formulation in [5], a linear-system-type representation of any antenna time-dependent far field is
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are time-independent aperture basis functions, here
the transverse eigenvectors (modes) of the waveguide having
cross-section.
(units in
are unknown
time-variant coefficients, hereafter denoted as scalar impulse
responses, which have to be computed numerically from the
excited by . At this purpose, the computed
aperture field
is fitted, at run-time, onto the same basis by coefficients
. The unknown scalar
impulse responses are finally obtained by deconvolution of
scalar functions instead of surface vector functions
(4)
Fig. 1. Coordinate system for aperture antenna problems. A real voltage
source exciting the input signal is connected to the aperture antenna (slot, open
waveguide or horn) by means of a transmission line. To simplify the model, the
aperture is supposed to radiate from an infinite screen.

where is the speed of light,
is the free-space impedance,
is the time delay along the line, “ ” denotes convolution,
and
is the TD antenna effective height in transmitting
mode.
(units in
) the tangential
Denoting with
component of aperture field corresponding to a Dirac-pulse
input current, the TD effective height of the aperture (see
Appendix A for details), supposed to radiate from an infinite
screen, is

(2)
. The function
where, for simplicity, it has been supposed
accounts for the derivative effect on the
input signal. The Radon transform within square brackets (units
.
in m/s) is the effective height in the receiving mode,
The knowledge of TD effective height requires the application of a local method, such as FDTD, to calculate the aperture
field when the antenna is sourced by a broadband test signal
, typically a Gaussian pulse, since the Dirac pulse is not
suitable as input signal for numerical codes. The corresponding
has to be stored within the whole tranaperture field
sient and numerical deconvolution is then applied to each aper.
ture radiating pixel to calculate the impulse response
Finally, the effective height is obtained by numerical evaluation
of surface integral in (2) which has to be repeated at any required time and observation direction because of the coupling
between angular and spatial variables. The numerical effective
height will be a baseband approximation, within the band of
, of the true effective height.

The solution of above integral equation in a form suitable for
the calculation of the effective height in (2) is achieved by introducing two different models of scalar impulse response
within the hypothesis that the test signal
is a practically
. The first model, denoted
time-limited excitation signal in
as complete fitting (CF) model gives a more efficient representation of the early transient, while the second one, referred to as
incomplete fitting (IF) model, is less accurate in the early transient but permits to derive simple semi-analytical expressions
for the TD effective height.
A. CF Model
According to the singularity expansion method (SEM) [13],
the response of an electromagnetic system to a time-limited excitation can be represented by a superposition of damped oscillating functions, which describe the late transient, and an entire
function accounting for the early transient. Therefore, the following model for the scalar impulse responses
is introduced:
(5)
where the shifted Dirac-pulse and the corresponding real-valued
coefficient describe the instantaneous effect of the driving
voltage source on the aperture modes. The complex poles and
take into account the oscillating contributes
residues
due to the complex natural resonances of the source, and multiple diffractions by the guiding section (or cavity) and by the
aperture.
Introducing (5) in (4)

(6)

III. NUMERICAL REPRESENTATIONS OF THE APERTURE
IMPULSE RESPONSE
A great simplification in the above numerical procedure is
achieved in this paper by introducing an approximated spacetime uncoupling model of the impulsive aperture field

(3)

Although the averaged delay time is estimated numerically
where
as shown later on, it is first assumed that
is the distance of the source point from the aperture center.
The impulse response parameters are calculated by a twoare comsteps procedure. First, poles and residues
puted from the late transient of shifted signal
by the method in [14]. Then the coefficients of the Dirac funcwithin the early time
tions are estimated by processing of

1056

interval
poles’s contribute to
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. Denoting with

the

(7)
the nonpole contribute is calculated as
. Parameters
are hence evaluated by best fitto
. In particular, a refinement of
ting of
is such to maximize the correlation
and parameter
is then calculated by least square method.
However, numerical simulations have shown that the estimated
.
delay is nearly coincident with
B. IF Model
A simplified representation of the scalar impulse response,
, can be obtained by using only the complex exponentials set. However poles and residues are now expected to be
different than the corresponding parameters of the CF-model.
The IF expansion is extremely fast convergent in the late transient, while a larger number of exponentials are required to fit
the very early transient.
The fitting parameters are computed by a different procedure.
is numerically deconvolved
The scalar impulse response
from (4) by the fourth-order moment expansion (ME) deconis fitted on
for
by
volution [15] and then
means of the matrix pencil method [16].
In both the deconvolution schemes, the set of poles and
residues to be really retained and stored for the calculation of
the radiated field can be thinned according to the strength of
the energy indicator [12]. In particular, only poles with energy
higher than one per thousand of the maximum energy will be
retained for the effective height computation.
IV. APPROXIMATE CALCULATION OF TD EFFECTIVE HEIGHT
Consider first the CF-model of the impulsive aperture field,
by combining (5) with (3) and (2), the effective height is there
written in the following approximate form:

(8)
where the following integrals need to be solved:

(9)

Fig. 2.

 <t

Portion S (^
r ;  ) of the aperture whose radiation contributes at times
=c) to the effective height at observation direction r^.

+ (

A trivial solution can be obtained at boresight radiation (e.g.
, and
) where the angular and temporal variables
are fully decoupled. In this case it is easy to prove that the effective height can be expressed, for both CF- and IF-model, as
(10)
The constant vector
is calculated exactly for canonical apertures such as rectangular
and circular and vanishes for odd aperture patterns.
In the more general case of off-boresight observation,
is transformed into a line integral applied to the basis function
along a time varying boundary by the properties of Dirac
functions, as discussed in Appendix B, for the particular case
, it can be
of rectangular apertures. Concerning the integral
observed that the presence of Heaviside function
accounts for the very early transient when only the
of the aperture, intercepted by the half-plane
portion
, gives contribution to the observation
,
being
point (see Fig. 2). After a time
the maximum distance between aperture rim and its center, the
observation point starts to collect radiation from the whole aperture and the Heaviside function approach to unity. Integral
can be therefore decomposed as in (11), shown at the bottom of
is the th modal space factor, e.g., the
the page, where
spectral Fourier transform of the th aperture field pattern evaluated at singular frequency
and it is known in closed
form for both rectangular and circular apertures [12]. The nuis therefore only required within the
merical integration of
which leads to a modest increase
very short time interval
in the computational effort compared with a true closed form.
, can be derived even in
However, exact integrals, just like
, at
the very early transient for the principal cuts
least for rectangular apertures
For the case of IF-model of the aperture, field only inteneed to be solved for off-boresight radiation.
grals
However, it is interesting to discuss within which condition the
closed form expression, appearing in the lower branch of (11),

if
(11)
if
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TABLE I
COMPUTATIONAL COSTS OF MAIN PROCESSING TASKS

may be used as early-time extrapolator also within the interval
therefore avoiding the numeric evaluation
. In this
of the integral on the time-dependent surface
case the effective heights can be simply calculated with full
separation of time and angular variables as

(12)

. Since the above approxiand
mation only interests the very early transient, it will mainly affect the high frequency content of the effective height and its
. It is
accuracy is expected to depend on the aperture size
, the early-time extherefore reasonable that, for a given
trapolation will be accurate up to a maximum frequency
and the following heuristic guideline for the extrapolation usage
is assumed:
(13)
where is the speed of light and a constant. This expression
will be verified by numeric analysis in the next section.

V. DISCUSSION ABOUT NUMERICAL COMPLEXITY
The numerical complexity of the proposed method, compared
with the standard calculation which involves the deconvolution
of the aperture field and then the numerical Radon transform,
means
is here discussed. The following notation is adopted:
the number of FDTD time samples of the antenna response,
the number of space samples on the aperture,
the number
the number of basis funcof observation angles and again
tions on the aperture. The main processing tasks that will be considered for the CF- and IF-modes evaluation are the modal decomposition, the deconvolution of scalar impulse responses, the
Matrix Pencil method, which is essentially based on the SVD,
and the numerical calculation of time-dependent integrals in (9)
and (11) by finite summations. Relevant computational costs are
listed in Table I.
The numerical complexity of deconvolution (having sup;
posed to adopt fourth-order ME as in [15]) is
the SVD complexity is [17] roughly
where
denotes a resampled set of the FDTD
);
oversampled data (generally

Fig. 3. Speed-up of the proposed methods in the calculation of the effective
= 90) and typical
height along a single angular cut with 2 increments (
values
= 10 ,
= 4.

N

N

n

is the number of early-time samples. By simple mathematical manipulations and some approximations, the following
expressions for the complexity are obtained:
(14)
(15)
(16)
where
is for the complexity of the standard method.
The speed-up of the two proposed procedures respect to
and
standard calculation, namely
, are represented in Fig. 3 versus the number
of time samples, for typical parameters’ values. It can be
observed that the benefit of the CF- and IF-models are as much
relevant as the number of the required aperture basis functions is
small. The CF-model appears more efficient than the IF-model,
even for a same number of aperture functions, since it avoids
the numerical deconvolution by ME and permits to perform
deconvolution and parameters’ estimation within a same task.
The speed-up gets worse, in both the models, as the number
of time samples increases due to the larger computational time
wasted in the aperture field expansion. However, for typical
time samples and
, the speed-up is about 10 for both the
methods. Much more relevant benefits are achieved when the
effective height needs to be evaluated at a larger set of angles.
VI. NUMERICAL ANALYSIS
A. Radiation From a Rectangular Aperture
slot on a perfect electric screen is excited
A rectangular
by a dipole placed in front of the aperture (inset in Fig. 4). The
structure has been meshed on a uniform rectangular FDTD grid,
, which includes the antenna and a
with voxel size
small region in the close surrounding of the aperture. Denoting
the maximum frequency
with
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Fig. 4. Characterization of a dipole-fed rectangular slot: size (in centimeters)
a = 10, b = 5, L = 11:5, z = 8. Effective height in transmitting mode
along the boresight (up) and (down) off the boresight at  = 42 ,  = 45 .
z =c are not shown.
Dirac pulses at  = t



permitted by a such FDTD grid, the dipole has been sourced
by a test Gaussian signal
whose parameters , , are adjusted so that the frequency
, where the
,(
is the Fourier transform of
spectrum amplitude
), attenuates to the 10% of its maximum value (in symbols:
) is exactly
. Accordingly, the effective height computed by means of the proposed
methods will permit to process only those input signals
whose spectrum is within
.
parameters, the transient aperture field has
To obtain
been then processed by the proposed methods, involving both
mode has been considCF- and IF-models. The only
ered for the effective height calculation. Results mainly differ
(Fig. 4) in the early transient where the IF-model requires a
larger number of poles.
To discuss the accuracy of the effective height formulas depending on the number of poles used in the TD model of the
impulsive aperture field, the transient electric far field, denoted
, has been calculated by means of the convowith
lution in (1) when the input signal is a Gaussian pulse with
(e.g. within the numerical effective height
band). That field is compared with a reference solution, denoted
, obtained, here and in the next examples, by
with
an independent time-consuming FDTD simulation sourced by
and extending within a larger domain including also the
far field test points. The following instantaneous error at obsercomponent has been further considvation point for the
ered:

Fig. 5. Radiation from the dipole-slot system: instantaneous error in the far
field calculation, at point (r = 74 cm,  = 42 ,  = 45 ), for an input
Gaussian pulse with 10%-frequency of 4.5 GHz. The convolution equation in
(1) has been applied for different orders of CF- and IF-models.

(17)

Fig. 6. Radiation from a dipole-slot system: (a) input Gaussian pulse sourcing
the dipole with highest frequency f
= 4:5 GHz. Comparison of far field at
(b) point (r = 35 cm,  = 0 ,  = 0 ) and (c) point (r = 74 cm,  = 42 ,
 = 45 ) obtained by full FDTD analysis and convolution between v and the
numerical effective height.

As expected, the error is higher in the early transient and
decreases as the time goes on (Fig. 5). Moreover, CF-model’s
outcomes are more accurate than those obtained with IF-model
which requires a larger number of poles to guarantee the same

accuracy. In particular, by using 3 and 6 poles for the CF and IF
model, respectively, the estimated radiated field compares well
(Fig. 6) with the reference solution.
In a further experiment, the accuracy degradation of the simplified IF-model caused by the early-transient approximation,
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Fig. 7. Radiation from a rectangular slot: relative peak error for different input
and different models of effective
Gaussian signals of upper frequencies f
height.

e.g., by the direct use of the semi-analytical formula (12), is investigated. To this purpose a set of input Gaussian pulses with
are
different maximum frequencies
convolved with the effective height computed by the different
models and compared with the corresponding reference solutions. In particular, only the early transient
is considered for
an off-boresight observation point and the relative peak error
is evaluated. As depicted in Fig. 7,
errors increase with the upper frequency of the input signal
and the accuracy of the extrapolated IF effective height is a
few points worse than the conventional complete model. The
maximum frequency of the input signal up to which the further simplified effective height in (12) still applies with an accuracy comparable to the true IF-model, is hence chosen such that
the error difference with that model exceeds 1%. The heuristic
, and
guideline in (13) is hence verified with
therefore
. The early time extrapolation within
, by the simplified IF formula (12), can be there.
fore roughly applicable up to frequency
B. UWB Ridged Pyramidal Horn
The proposed method is now applied to characterize the effective height of a wideband pyramidal ridged horn. The transmitting effective height computed in the band [0 –6.5 GHz] is
shown in Fig. 8 at two different observation angles. The esti(
mated delay time is nearly identical to
for the
mode and
). Also in this case the
simplified IF-model in (12) is still able to extrapolate the not
negligible effective height oscillations in the very early time.
As an example of how the computed effective height can be
useful in the evaluation of real transmitted signal distortion,
the following excitation signal for the horn antenna is consid, where
ered:
is a derivated Gaussian pulse,
, with maximum frequency (defined as in the previous example)
(Fig. 9). The corresponding
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Fig. 8. Pyramidal ridged-horn (sizes in centimeters: a = 7:75, b = 3,
l = 3:6, A = 13, B = 9:25, L = 30:4.): transmitting-mode effective
height calculated by the CF and IF-model with different numbers of poles
corresponding to a threshold thinning of 10 ; (top) observation at the aperture
boresight; (bottom) observation at ( = 30 ,  = 0 ). Dirac pulses at

z =c are not shown.



radiated field has been computed via the convolution in (1) with
the effective height. Comparisons in Fig. 9 show a good agreement between reference solution and the data computed by the
new method provided that 20 and 24 pole-residue couplets are
used for CF- and IF-model respectively.
VII. CONCLUSION
This paper has addressed the approximate numerical calculation of TD effective height for real aperture-radiating antennas.
The proposed method is a fully automated combined procedure
involving a local electromagnetic solver and signal processing
for the manipulation of the aperture impulse response. By the
use of two alternative time- and space-fitting models, the burden
of the effective height computation has been greatly reduced to
more than an order of magnitude, since the numerical solution of
the Radon transform is restricted only within a very short time,
depending on the aperture size. Anyway, analytical expressions
have been derived for observation along the antenna boresight
and along the principal planes. Within a discussed frequency
limitation, a further approximated formula permits, for the case
of IF-model, to obtain the effective height at any observation
direction without calculation of integrals. The complete spatial
and temporal filtering behavior of the antenna is therefore captured by a small set of parameters, depending on the antenna
geometry and on the frequency range of interest.
Although only demonstrated for rectangular apertures, the
method can be immediately applied to circular shapes, for which
exact far field expressions are already available and, in principle,
even to different kinds of apertures, provided that suitable vector
or scalar basis functions, with known spectral Fourier transform,
could be defined.
The numerical procedure is mainly a post-processing and
hence it is suited to strengthen any existing TD numerical
solver, e.g., without the need to affect the electromagnetic
computation core. Due to the simplicity of the effective height
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Fig. 9. Pyramidal ridged-horn: far field radiation at distance from the aperture r = 31 cm, computed by full FDTD and convolution in (1) when the input signal
is a couplet of derivated Gaussian pulses.

formulas which mainly involve exponentials, the convolution
with real input signals can be performed in a very efficient way.
Finally, the developped semi-analytical formulas are well suited
to be used together with a ray tracing for the characterization
of UWB propagation in real indoor scenarios for any kind of
signal coding.

integration with respect to variable, the surface integral is reduced to the following line integral:
(B.2)

where the time-dependent integration limits are
APPENDIX
A. Details About the Definition of TD Aperture
Effective Height
to

(B.3)

According to [18], the TD far-field radiation corresponding
aperture field is
(B.4)

of

Equalling (A.1) with (1) for
in (2) is formally obtained.

B. Calculation of the
in

(A.1)
, the expression

Simpler expressions are anyway obtained for observation
points along the principal cuts
. For instance, it is
(B.1) becomes
easy to show that in the case of
(B.5)

Integral in (9)

For the case of a rectangular aperture of size
is of the form

otherwise.

, the integral
As an example, the integral
basis function

at

, corresponding to the
is

(B.1)

with

,
,
and
is any Cartesian component of the basis function . By
using the properties of the Dirac function [19] and performing

(B.6)
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